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Abstract

In this paper we establish the sharp rate of the optimal dual quantization problem. The
notion of dual quantization was recently introduced in the paper [9], where it has been shown
that, at least in an Euclidean setting, dual quantizers are based on a Delaunay triangula-
tion, the dual counterpart of the Voronoi tessellation on which “regular” quantization relies.
Moreover, this new approach shares an intrinsic stationarity property, which makes it very
valuable for numerical applications.

We establish in this paper the counterpart for dual quantization of the celebrated Zador
theorem, which describes the sharp asymptotics for the quantization error when the quantizer
size tends to infinity. The proof of this theorem relies among others on an extension of the
so-called Pierce Lemma by means of a random quantization argument.

Keywords: quantization, quantization rate, Zador’s Theorem, Pierce’s Lemma, dual quantization,
Delaunay triangulation, random quantization.
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1 Introduction

Starting with [8] and continued in [9], we introduced a new notion of vector quantization called
dual quantization (or Delaunay quantization in an Euclidean framework). We developed in [10]
some first applications towards the design of numerical schemes for multi-dimensional optimal
stopping and stochastic control problems arising in Finance (see also [1]). In general, the principle
of dual quantization consists of mapping an R%-valued random vector (r.v.) onto a nonempty
finite subset (or grid) I' ¢ R using an appropriate random splitting operator Jr : Qo x R — T'
(defined on an exogenous probability space (£2g,So,Po)) which satisfies the intrinsic stationary
property

Ve conv(I), Ep,(JIr(§)) = | Jr(wo, &) Po(dwo) =& (1)
Qo
where conv(I') denotes the convex hull of I in R%. Then, for every random vector (r.v.) X
defined on a probability space (2, S,P) and taking values in conv(I') (once canonically extended
to (R x 2,8 ® S, Py @ P)), it holds

Epoer(JIr(X) | X) = X.
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This means that the resulting approximation Jr(X) of X always satisfies a reverse stationarity
property which can be compared to the more classical stationary property induced by the nearest
neighbour projection (which produces the so-called Voronoi quantization). The latter one coin-
cides with Proj.(X) of X onto I', namely E(X | Proj-(X)) = Projp(X), but has the drawback
that it is only satisfied for exactly optimal grids for the quadratic mean (Voronoi ) quantization
error (see below) and exclusively in an Euclidean framework.

To both operators, or quantization frameworks, corresponds a functional approximation operator:
the Voronoi functional approximation induces the stepwise constant functional approximation
operator defined by f o Projr whereas dual quantization leads to an operator defined for every
&€ conv(l') as

Ie(f)(€) = Bey (£ (Jr(wo, ) = D f(2)Aa(8),

zel

where A\, (¢) = Po(Jr(.,€) = z), x € T, are barycentric “pseudo-coordinates” of £ in I' satisfying
Ae(§)€[0,1], > cr Aa(§) =1and Y . Ao (§)x = €. The operator Jr is an interpolation operator
which turns out to be under appropriate conditions more regular (continuous and stepwise affine,
see [10]) than the above stepwise constant one. It has been emphasized in [9, 8, 10] how to take
advantage of this intrinsic stationary property to produce more accurate cubature formulae for
(conditional) expectation approximation regardless of any optimality property of the grid(s) with
respect to a r.v. X.

Typically, for every function f : RY — R having a Lipschitz continuous differential

A

Epf (X) = Ezo prow (oo, X))| < |[£(X) = E(f(Jr(wo, X)) | X))|

< [DfluipErer,| X — Jr(wo, X)|?

L1 (PQP)

where
Epgp, (|X — Jr(wo, X)[? [ X) =Y Aa(X)|X — 2>,

zel
More generally if one aims at approximating IE( F(X)] g(Y))by its dually quantized counterpart
Ergroep, (f(Jry (wo, X)) | Jry (w1,Y)) (with obvious notations), it is possible to get under natural
additional assumptions error bounds based on the two related dual quantization error moduli,
see the proof (Step 2) of Proposition 2.1 in [10].
More generally, this leads to investigate the behaviour of

P
X = (o, x)| -

= Erar, (Eror, (X = Jren, X)|)? | X))

so as to make it as small as possible. This program is in fact three-folded:

— the first step is to minimize the above conditional expectation, i.e. E(|¢ — Jr(wp, £)])? for every
¢ € conv(T'), for a fixed grid T i.e. to determine the best splitting random operator Jr. In a
regular quantization, this phase corresponds to showing that the nearest neighbour projection on
I" is the best projection on T'.

— The second step is “optional” . Its aim is to find grids which minimizes the mean dual quanti-

among all grids I' such that P(X € conv(I')) = 1.
LP(PQPy)

In fact these first two phases have already been solved in [9]. The remaining question to be
elucidated is the rate of convergence to 0 of the mean dual quantization error — minimized over
all grids of size at most N — as N grows to infinity. This third problem is the counterpart of the
celebrated Zador’s Theorem recalled below. The aim of this paper is to establish a counterpart
of this theorem in a dual quantization framework, for L°°-bounded r.v. but also, once extended
in an appropriate way like in [9], to general r.v.’s.

zation error HX - JF(W(),X)‘



Let us now write things in a more formal way. This new quantization modulus leads to an optimal
dual quantization problem

dnp(X) = inf {| F,(X; )|, TC RY, (7] < n},

where F}, denotes the local dual quantization error function

Fp(&T) =inf{(ZAzlls—xllp)", A€ [0, ) Aoz =63 Ao = 1}.

zel’ zel zel

Since this notion only makes sense for compactly supported r.v. X, we also consider the extension
to unbounded r.v. X (see [9]) defined by

Fp(§7 F) = Fp(fa F) 1conV(F) (5) + dlbt(Xa F) 1conv(l—‘)°(§)-

and the extended dual quantization error given by
dnp(X) = inf {[|F (X5 )|, TC RY, T <.

Recall that the “regular” Voronoi optimal quantization problem reads

1
enp(X) = inf { <Emilg1 IX — x||p) ,TcRY T < n} .
e

It is well-known that e, ,(X) | 0 as soon as n — oo and X € LP(P). Moreover, this rate of
convergence to 0 of e, ,(X) is ruled by the celebrated Zador Theorem (see [4]).

Theorem 1. Let X € Lgd (P), p' > p. Assume the distribution Px of X is decomposed as
Px =hAg+v, v L A Then

. 1 %
nl;rr;onden,p(X) = Qﬁflu,p,d Hh”%

where .

= ik e, (U(0,11%) € (0,00).
This rate depending on d is known as the curse of dimensionality. Its statement and proof go back
to Zador in 1954 for uniform distribution, with an extension to possibly unbounded absolutely
continuous distributions by Bucklew and Wise (see [2]). It has been finally established rigourously
(as far as mathematical standard are concerned) in [4] in 2000. A comprehensive survey of the
history of quantization can be found in [5].

The paper is entirely devoted to the proof of Theorem 2 (Zador’ like theorem) and Proposition 7
(Pierce like Lemma). Our global strategy of proof is close to that adopted in [4] for the original
Zador Theorem. However, it significantly differs at some points , especially when dealing with
the extended modulus d,, ,(X). In one dimension the exact rate O(n~1) for d,, ,(X) and d,, ,(X)
follows from a random quantization argument detailed in Section 4 which is an extension of
the so-called Pierce Lemma d,, ,(X) (in fact, we even state a slightly more general result than
requested for our purpose). This rate can be transferred in a d-dimensional framework to O(n~1)
using a product (dual) quantization argument (see Section 3.2). Finally the sharp upper bound
is obtained in Section 5 by successive approximation procedures of the density of X similar to
that developed in [4], whereas the lower bound relies on a new “firewall” Lemma.

NOTATIONS: conv(A) stands for the convex hull of A, |A| for its cardinality and |2| will denote
the (lower) integral part of the real number z.



2 Main results

The aim of this paper is to prove for any p > 0 and any norm on ]@d the counterpart of Zador’s
Theorem in the framework of dual quantization for both d,, , and d,, , error moduli.

Theorem 2. (a) Let X € L5 (P). Assume the distribution Px of X reads Px = h.\g + v,
v 1 Ag. Then

lim 7t dy (X)) = lim nd d,,(X) = Q' denhup

n—0o0 n—oo

where
QY pa = inf 0y, (U([0,1]%)€ (0,00).

n—00

(b) Let X € L%d(IP)), p' > p. Assume the distribution Px of X reads Px = h g +v, v L A\g.
Then

":H»—l

L
lim nid, ,(X)= Q). ”dehH

n—oo

(¢) If d =1, then

2 o1
B U10-4D) = <<p+1><p+2)) T

2P+1

. . . dgq _
Moreover we will also establish in Section 5 a upper bound for the dual quantization coefficient
d
Q)% p.a when [l = [-[er,

As a step toward the above sharp rate theorem, we will also establish a counterpart of the so-
called Pierce Lemma (stated in an operating form in [6] which is very useful for applications since
it provides non-asymptotic error bounds which only depend on the moments of the r.v. X (and
the size of the optimal grid).

Proposition 1. Let r,p € [1,00) and r < p. Then it holds for every d € N

Qe pa <4 Q-

Since this upper bound achieves the same asymptotic rate as in the case of regular quantization
1
(cf. Cor. 9.4 in [4]), we believe the rate of d+ to be also the true one for Qﬂj‘ pa 88 d— 0.

Proposition 2 (d-dimensional extended Pierce Lemma). Let p, n > 0. There exists an integer
Ngpny = 1 and a real constant Cqp  such that, for every n > ny, and every random variable

Xe Lp+n(907~’47 P);
dpp(X) < Capy0pin ) (X)n ™17

where o,y p (X)) = nf,era | X — al|posn.
If supp(Px) is compact then the same inequality holds true for d, ,(X).

3 Dual quantization: definition and basic properties

3.1 Definitions

Assume R? equipped with a norm ||-||. First we recall the definition of the regular quantization
problem for a random vector (r.v.) X : (,S,P) — (R?, B¢) and

Definition 1. Let X € L8, (P) and T’ C R?.



1. We define the LP-mean regular quantization error for a grid I' as
ep(X;I) = (Emin| X — z||P)? = [|d(X, )| o
2. The optimal regular quantization error, which can be achieved by a grid T of size not ex-
ceeding n is given by
enp(X) =inf{e,(X;T) : T CRY |T| < n}.
Following [9], the dual quantization error can be introduced as follows.

Definition 2. Let X € LP(P) and T C R4,

1. We define the local p-dual quantization error for a grid I' as

Fo(&T) = inf{ (Z Aell€ — x||p>% A €01, Y Nr =63 A = 1}.

zel’ zel’ zel

2. The LP-mean dual quantization error for X induced by a grid I is then given by

dp(X;T) = [[Fp(X5T) e
1/p
_ (Einf{z Allé = 2lP: A €10,1] and Y Npr =63 A, = 1}) .
zel zel zel

3. The optimal dual quantization error, which can be achieved by a grid I' of size not exceeding
n will be denoted by

dpp(X) = inf{d,(X;T): T c R%|T| < n}.

4. The extended LP-mean dual quantization error induces by a grid I is defined by

Jp(Xv F) = HF;D(Xa F) ]-conv(F) (X) + diSt(Xa F) ]-Conv(l")C (X)’ LP.
5. The optimal extended dual quantization error, which can be achieved by a grid I' of size not
exceeding n will be denoted by

dpp(X) = inf{d,(X;T) : T Cc R%,|['| < n}.

Remarks. 1. Since the above quantities only depend on the distribution of the r.v. X we will
also write d,(P,T") for d,,(X,T') and d,, ,(P) for d,, ,(X) where P = Px.

2. To alleviate notations, we will use throughout the paper FP, d” and dP, ...instead of Fy,
db and db,. ..
In fact the terminology dual quantization refers to a canonical example of intrinsic stationary
splitting operator: the dual quantization operator.

To be more precise, assume R? is equipped with a norm ||.|| and let p € [1,+00). Let ' =
{71,...,2,} C R? be a grid of size n > d + 1 such that aff.dim(T) = d.

The idea is to “split” £ € conv(I') among at most d + 1 affinely independent points in I" (which
convex hull contains £) proportionally to its barycentric coordinates. There are usually many
possible choices so we introduced a minimal inertia based criterion to select the most appropriate



“neighbours” of £, namely the function F},({;I") defined for every £ as the value of the minimization
problem

F&T) = inf (;Aing—w) Aep Y| =]

Owing to the compactness of constraint set, there exists at least one solution A*(§) and for
any such solution, one shows using convex extremality arguments that the set I*(§) = {i €
I s.t. AX(€) > 0} defines an affinely independent subset {x;, i€ I*(£)}.

When this solution is always unique, the dual quantization operator is simply defined on conv(I")
by
vVée conv(l), Vwo € Qo, T (wo, &) = Z xil{Z’j;i A (E)<U(w0) <X, A3 ()}
iel(€)*

Thus in the quadratic (p = 2) Euclidean case and when T is in the so-called “general position” (1),
then {{5 st.I*(&) =1}, |1 <d+ 1} makes up a Borel partition of conv(T") (with possibly empty
elements), known in 2-dimension as the Delaunay triangulation of T' (see [12] for the connection
to Delaunay triangulations). In a general framework, we refer to [9] for a construction of dual
quantization operators.

These operators play the role of the nearest neighbour projections for “regular” Voronoi quanti-
zation and one checks that

T (X) = Xllr@owry = [1Fp(X5T) 2o p)

1

Einf (ZAiHX—mﬂ) ,Aizo,ZAi[I{] = {)ﬂ
=1 i

The second step of the optimization process is to find (at least) one grid which optimally “fits”
(the distribution of) X i.e. which is solution to the second level optimization problem

dpp(X) = inf {|| T (X) — X[ o poep), T : Qo % conv(I') = I', conv(I') O suppPx, |T| < n}.

Note that if X € L>®(P), d,,(X) < +oo iff n > d + 1 (and is identically infinite if X is not
essentially bounded). The existence of an optimal grid (or dual quantizer) has been established
in [9] as well as the following characterization d,, ,(X) as the lowest LP-mean approximation error
by r.v. taking at most n values and satisfying the intrinsic stationary property i.e.

dnp(X) = inf { X = X ogegen), 1K (2 x D) < 0, Bryep (X X) = X}

A stochastic optimization procedure based on a stochastic gradient approach has been devised a
in [9] to compute optimal grids w.r.t. various distributions (so far, uniform over [0, 1]2, normal,
(W1, sup,epo,1) W), W standard Brownian motion).

When a random vector X is not essentially bounded, the above approach cannot be developed
since no finite grid can contain its support. In that case, we need to extend the definition of our
splitting operator Jr outside the convex hull of T'. One way to proceed (see [9]) is to consider
again a (deterministic) nearest neighbour projection Projn

Ve e RN conv(l),  Jr(wo,&) = Projp(€).

Ino d 4 2 points of I lie on a sphere.




An alternative could have been Jr(wo,§) = Projeonyry(§). We loose the intrinsic stationary
property, however we were able to show the existence of an optimal grid solution to the resulting
minimization problem

Jnyp(X) = inf {HFP(X, F)l{XEConv(F)} + dist (X, F)l{chonv(p)} ||Lp(]p)} .
It is clear that d,, ,(X) and d,, ,(X) do not coincide even for bounded r.v. but one can show that
min(dy,p(X), Jn’p(X)) > enp(X)
where e, ,(X) is the “regular” Voronoi LP-mean quantization error at level n defined by
en,p(X) = inf {”X - PrOjF(X)”LP(IP’)v T < n} .

The above dual quantization problem is characterized in terms of best LP-approximation by the
following theorem established in [9].

Theorem 3. Let X € L°(Q,S,P) and n € N. Then
dnp(X) = inf{E[|X — Tr(X)|zr : Jr: Qo x RY = T, intrinsic stationary,
supp(Px) C conv(T'), [T'| < n}
= inf{E|X — X1 : X : (Q x 2,8 ©S,Py @ P) = R,
1X(Q0 x Q)] <n, E(X]X) = X} < +o0.
These quantities are finite iff X € L>°(Q,S,P).

As already mentioned, we established in [9] the existence of dual quantizers at level n € N for the
LP-norm when p € (1,00). We recall this result her (without proof) for the reader’s convenience.

Theorem 4 (Existence of optimal quantizers). Let X € LP(P) for some p € (1,00).

(a) If supp(Px) is compact, then there exists for every n € N a grid T} C RY, |T¥| < n such
that d,(X;I}) = dy p(X).

(b) If Px is strongly continuous in the sense that it assigns mass zero to all hyperplanes in R¢,
then there exists for every n € N a grid I} C R4, [T < n such that dp(X;T) = dp, p(X).

If furthermore |supp(Px)| > n, then the above statements hold with |T| = n.

3.2 Local properties of the dual quantization functional

We establish in this paragraph some general properties for the local dual quantization functional
F?, which will be needed for the final proof of Theorem 2.

Proposition 3. Let 'y, I'y C R? be finite grids and let €€ R?. Then
[ CTe = Fy(§12) < Fp(§T).
Proof. Assume It = {z1,..., 2} and I = {z1,. .., Zm, Tmt1, - - -, Tn . Then
FP(E:Ty) = i )\z — Ty P i >\z — Ty p
(&T2) ){Ielﬁk%; 1€ — aillP < A:I?i?,o); I€ — ]
st [T =[§] a0 s [T Pa=[f] 20
= i )\z — Xy p :Fp ;P .
Argﬂlgnzl I — il (&)

se [0 =[5 az0



Moreover, we will make use of the following three properties established in [9].

Proposition 4 (Scalar bound). LetI' = {z1,...,2,} CR withz1 <...<x,. Then

Tig1 — Ti\P
D(e. T < (M) .
VE € (1,1, FP(&T) < \IEx 2

Proposition 5 (Local product Quantization). Let ||-|| = |- | defined for every & = (€1,...,¢%) €

. N1/p d
RY by [£]er = (Zlgigd |fz\p> and T’ = H I'; for someT'; C R. Then
j=1

d
> Fr(ETy)
j=1

One then may derive in the next proposition a first upper bound for the asymptotics of the
optimal dual quantization error of distributions with bounded support when the size of the grid
tends to infinity.

Proposition 6 (Product Quantization). Let C = a + £[0,1]¢, a = (ay,...,aq) € R, £ > 0,
be a hypercube, parallel to the coordinate axis with common edge length l. Let T' be the product
quantizer of size (m + 1)? defined by

ﬁ{aj—i—z—O }

There exists a positive real constant Cg .| such that

IN\P
e, FU&T) < Cayy-(5) w7 2)

4 Extended Pierce lemma and applications

The aim of this section is to provide a non-asymptotic upper-bound for the optimal dual quan-
tization error in the spirit of [11], which achieves nevertheless the optimal rate of convergence
when the size n goes to infinity. Like for Voronoi quantization this upper-bound deeply relies
on a random quantization argument. In fact, it can be established for a (slightly) more general
family of error functionals than the ones considered so far for dual and regular quantization.

4.1 One dimensional extended Pierce Lemma

Let
Zn i ={(x1,...,2,) ER", —co< 21 <9 < -+ < 2, < +00}

be the set of “non-decreasing” n-tuples of R™.

Definition 3. Let (9, A) be a measurable space and let n > 1 be an integer. A measurable
functional @, : (o X I, x R, A® BorZ, ® Bor(R)) — (R, Bor(R)) is called a splitting functional
at level n if it satisfies:

V(x1,...,2,) €L, VEER,

(7) €€ [zi,xi), i=1,....,.n—1 = VweQ, O,(w,x1,...,20,&) € [Ts, Tit1],
(i7) £€ (—o0,x1] = Vwe Qo, @p(w,21,...,2,,8) = 1,
(le) €e [xn7oo) - Vwe QQ, q)n<w,{£17.,_’])n7§):xn



ExAMPLES: (a) Nearest neighbour/Voronoi quantization. For every i =1,...,n — 1, let Tipy =

Ti+Tit1
===, Set

X if € [xi,xH%),
¢n(w’x17~-~,xn;§): 6‘{$i,$i+1} 1f€=.’1}z+%,
Tyl if §€ (wip 1, ital-
(b) Dual quantization. Qo = [0, 1] and
n—1
(I)n(wvxlv"',l'nag) = Z(wzl{w< l'ri+1*£}
i—1 =Tip1-7;

+xi+11{%zwn})l[mi,mi+1)(€)+x11{£<w1}(§)+xn1{§2$n}(€)'

Cip1— @

It follows from (¢) that a splitting functional at level n satisfies for every p > 0, w € Qo,
(T1,...,2n) €Ly, EER,

d(é., {‘Tla cee 71,”})17 S |§ - (I)n(wa T1y.-- 7xn7§)|p S Ap7n(1:17 e ,zn’g)p (3)
where
1
n—1 P
Ap,n(xl7 ceey Ty 6) = (Z(Ii-‘rl - xi)pl{l‘i§§<$i+1} + (6 - xn)pl{fzmn} =+ (1'1 - £)p1{£<$1}> .
i=1
Let X be random variable defined on (€, A, P).
XelP(P) = X — D, (., 21,...,2n,X), A(z1,...,2,,X)€ LP(P).
Furthermore, it follows from (3) that

inf |Apn(z1,. .., 20, X)||Lr > inf I X —@,(,21,. .. 20, X)||zr > €np(X).

(15020 )EL, (15020 )EL,
The functionals A, ,, share two important properties extensively used in what follows:
e Consistency : if, for every (z1,...,2,)€ I, and for every £ € R,
Vie{l,...,n—1}, A, p(z1,...,2n, &) = Apni1(T1, .o, Tic1, Tiy Tiy Tig1, -« -, Ty, §).
As a straightforward consequence, it follows that

n inf lApn(z1,..., 20, X)||zr is non-increasing. (4)
(11,..-,$n)€In

o Scaling: Ywe Qo, ¥ (21,...,2,)E L, VEER, Vae Ry, VSR

Ap,n(axl—’_p'w"vaxn—'_ﬁag) = aAp,n(xla"'uxn7€)7
Ap,n(xla""wnafg) = Ap,n(fxna"'afxlaf)'

The main result of this section shows the existence of a universal non-asymptotic upper bound
for the error induced by splitting functionals which appears as an extension of the so-called
Pierce Lemma established in [4] (see also [6]) as crucial step towards Zador’s Theorem for regular
Voronoi quantization.



Theorem 5. Let p, n > 0. There exists a positive real constant Cp, ,, > 0 and an integer n, , > 1
such that for any random variables X : (2, A,P) — R and any sequence of splitting functionals
(®p)n>1 defined on a probability space (o, Ao, Po)

V> npa, ( inf X =@, 21,20, X)l[oe < Cppll X otn@oemyn ™

T1,...,Tn) €L,
(where X and ®,, have been canonically extended to Qy x Q).

Proof. STEP 1. We first assume that X is [1, +00)-valued. Let (Y,),>1 be a sequence of i.i.d.
Pareto(d)-distributed random variables (with probability density fy( ) = 6y° 11{y>1}) defined
on a probability space (€', A", P'). By considering Q=0xQ, A=A A, P=P®P, one
may assume without loss of generality that X and the sequence (Y;,),>1 are independent (and
defined on the same probability space (2, .A,P)). For convenience we will denote by || .||z the
LP-norm on (g x 2, Ag ® A, Py ® P) throughout the proof.

Let 6 = d(p,n)€ (0, 2), let £ =L(p,n) =

5(577). For every n > {(p,n), let n=mn — { + 2.

inf <
(1,320 )ELn T1yeensTn)ELn

< inf A 71 ze, .. 27, X)|| e
ot AlApa(1, 22 Ji[?

< Aps(1L, Y Y X s

X-9,(,z1,..., 20, X)|Lr <( inf  JJApn(z1,..., 20, X)|lLr

where, for every n > 1, Y(®) = (Yl("), e 7Yn(n)) denotes the standard order statistics of the first

n terms of the sequence (Y,,),,>1. For notational convenience we set YO(") = 1. Then, using that
X and (Yy)r>1 are independent, we get

B (n) (n (n)
EA,7(1,Y; Y ZE( SRR {xep™, Yfff)})

(n) \P
*E((X ) v )

STEP 3. Now we will compute the successive terms of the above sum. Set x = p + 7. Let
1e{l,...,n—{}.

E((vi] -,y

(n) _ y(myp
N xepoyi) < B -

{XZY}"’})
< B(({ -y e E e

where we used that X and (Y})x>1 are independent. Now, denoting by F, (u) = (1 —u=%)1¢,>1y
the distribution function of the Pareto(d)-distribution, elementary computations show that

E((Y(") Yi(n))P(Yi(n))fﬂ

i+1
N /1<du<dv U_R(U - u)pFY (’U’)i_l(l - Fy (u)>n_i_1fy (u)fy (U) (Z — 1) (:' 7 — 1)
=6B(n —i+ g,z)B((n —i)d =7+ 1)%

Fn—i+TE) T((n—i)0 —r)(p+1) T(n+1)

=9 T(n+ 1) T(n—)6+1) T@HI(n—1i)

10



where the functions

o'} 1
L(t) = / u'"te7d, t >0 and B(a,b) = / w1 —u)’Ydu, a, b >0
0 0

are known to satisfy B(a,b) = F&)};gf;)

One checks likewise that the above equality still holds for ¢ = 0.

Then one derives

n—~_
_ I'n+1) I'(n—i+HT((n—14)d —7)
E Y(" _ ”) Y(") K — T 1
Z ( i+1 z )(z ) ) 6(p+ )F(n+g); F(n72)6+ )F(nfz)
Dn+1) ST+ DT6Es —r
- 5r(p+1)r<” D g+ TG0 — )
(n+1) — L(i6 + 1)T'(4)
r
Using that, for every a > 0, (Fx (;r) ) ~ x% as x — 0o, we derive that
rG@+1) n I'(id—r)
ALY EA SN (48 — )t (5D
) i3, T+ 1) (i0 —r) (19) as ¢ — 00
and
[(n+1) ~n'"% as n— 4oo
L'(n+ 1
Consequently,
= 1
ZE( Y(n))P(Yi(n))_H) ~ npi—% 25*(P+1) "
i=1
1 n i 4—r—1
— 5+, -p = Z
- i ()
=4
! n
~ 67(7’+1)n*p/ uws " ldu as n— oo
0
<+o0 since £>p
so that

Z]E< 2+1_ Y ))p(Yi(n))_K)NC’p,nn_p as 1 — 00.

The remaining term can be treated as follows.

(n) Py
E(<X Y, £+1) {X>Y(”H1}) < EXpl{XZYTff)Hl}
n
T
(}/nff+1)77
= EX“E(Y",, )"
Note that
1
) I'(n+1) / n—t, (+4-1
(Y, "= 1- d
( Z+1) l—‘(n—ﬂ-l—l)l—‘(ﬁ) 0 ( U) v 6 v
_ I(n+1) Tn—(+1I(+7)
T(n— ¢+ 1)0(0) C(n+ %)
I+ %) _n —p
Wﬂ s =o(n7P)
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since ¥ > r. Finally

n—~¢
lim sup n” (ZE( () =) ) +E<y;ﬁé+l>-~> < +oo
=0

so that
P ZE Y(n) ("))p Y-(n) -k E Y(”) -n| < 4+
>S€12p )TL i+1 z ( i ) + ( n—ﬁ-{-l) 0Q.
n b,n

This shows that for every n > n, , == {(p,n),

1+
: X1 108
e 0 o0 Xl <

STEP 4. If X is a non-negative random variable, applying the second step to X + 1 and using
the scaling property satisfied by A, ,, yields for n > n,,, (as defined in Step 3),

(Lm,ilgn)eln lApn(1,22,... .20, X)||1r = ((),mz,.%?afn)ezn |Apn(z1,. .., Tn, X +1)|Lr
141
LI xi
> Gpg "
1+2
I+ XN o)
! Lp+n
S G

We may assume that || X||z»+n € (0,00). Then, applying the above bound to the non-negative
random variable X = m yields using positive homogeneity
L

1 I+1 1
inf A, (0,20, ..., 00, X <||IX ,C’
oo B O,z Xl < (K40 C
STEP 5. Let X be a real-valued random variable and let for every integer n > 1, x1,...,x, €
(=00,0), Tpt1 =0 and @yy2,. .., 22,11 € (0,+00). It follows that
Apons1(z1,. ., 2ony1, X)P = Apnir(21,. .., 20g1, X4 )PLix>0)
+Ap,n+l(xl7 R A B 7X—)p1{X<O}
= Ap,n—i—l(mla sy T, X+)p + Ap,n+1(_xn+17 ceey, X0, X—)p-
Consequently, if p > 1, we get using that ur + v < (u+ v)%, u, v >0,
inf A ey , X < inf A 0,zo,..., X
L AU [Ap2n+1(@1, - Tans1, X)or < O [Apnt1(0, 22, .., Tpp1, X )l v
+ inf A, 2 (0,0, g, X .
(0,22,....21n41)ELn 41 ” p’n( ? I )”LP
Hence, it follows from Step 3 that, for every n > n, , — 1,
1
inf A X < (X_ X )—
it (s Xl < G (-l + X))
1
_ ’
= Cp,n||X||LP+vm

where we used that || X||pe+n < || X_||pp+n + [|X+| Lp+n. Finally, the monotonicity property (4)
implies that, for every n > 2n,.,,

i | X[ Lo+n
(zl,...l?vi)ezn 1Ap (@1, zn, X)r < QC:ZWT'

12



If pe (0,1), one obtains using directly (5) that

. 1
(wl,m,ﬂﬂzf}rf;)EIszrl ||Ap,2n+1(3317 o Pt X)”ip = (C;;’n)p (HX_ ”24"7 + ||X+||£+n) m
Now .
+ +n \pE
I XMy + 1X 50 < UX-N0 I X e gy) 7 = 1 X i
so that the conclusion remains the same. O

4.2 A d-dimensional non-asymptotic upper-bound for the dual quanti-
zation error

Now, using Proposition 5, we are in position to show Proposition 7 (the d-dimensional version
of the extended Pierce Lemma) which provides a non-asymptotic upper-bound at the exact rate
for dual quantization error moduli.

Proposition 7 (d-dimensional extended Pierce Lemma). Let p, n > 0. There exists an integer
Ngpn > 1 and a real constant Cqp ., such that, for every n > ny,, and every random variable

Xe Lﬂg—;n(QOM’él)P); _
dn,p<X) < Cd7p7170'p+77,\|,\| (X) n=/d,

where ap .| (X) = infoeps [| X = al| Losn.
If supp(Px) is compact then the same inequality holds true for d,, ,(X).

Proof. First note that d, ,(X) = d, (X — a), a € R? (invariance by translation) so we may
assume that X is LP*"-centered i.e. oppy .| (X) = || X[ o+n-

> d = 1. In this one dimensional setting one may consider only ordered n-tuples v = (x1,...,Zy).
One derives from Theorem 5 and the example (b) that follows that, for every n > n,, ,,

gn,p(X) = yienlf ||X - @Zq(U, 'Y)”—p < Cp,n”XHLZD*'ﬂf1

where U ~ U([0,1]) is independent of X.

> d > 2. Let v be an optimal quantizer of size ny---ng < n. Then if X = (X1!,..., X%
denotes the components of X, one has if mingny > n,,, (from the one dimensional case) using
Proposition 5

dhp(X.Ty) = EFp(Xi7)
d
< Cajip 2 EFup(X5ne)
(=1
d
14 _
< Cd7\|~|\7pcpmz [ X[ Lo+nmy !
(=1
1, _
< Capn 202X | X | oo x d [0 ]
_1
S 01/17HH7P777|| HX” ||Lp+nn .

13



5 Proof of the sharp rate theorem

On the way to proof the sharp rate theorem, we have to establish few additional propositions.

Proposition 8 (Sub-linearity). Let P =>""", s;,P;, > " s, =1 and >_"; n; <n. Then

P) <> s;idb (P
i=1

Proof. For ¢ >0 and every i = 1,...,m, let I; C R? |[}| < n; such that
dP(P;T) < (1+¢) dfli (P;).
Then by Proposition 3 and with I' = [J!*, T}
dh (P)<dh (P;T)

=Y s [ R api(g)
=1
<> [ @) api(o)
i=1
<(1+¢) Z Si dﬁmp(P
i=1

so that sending ¢ — 0 yields the assertion. O

Remark. Proposition 8 does not hold for d?, which causes substantial difficulties in the proof of
the sharp rate compared to the regular quantization setting.

Proposition 9 (Scaling property). Let C = a + p[0,1]? be a d-dimensional hypercube, parallel
to the coordinate axis, with edge length p > 0. Then

dny(U(C)) = p-dpp(U([0,1]%)).
Proof. We have

d
I A S D T v

[ P[] o

B /[ min > A [lo€ = pail|” dAY(€)
1

1] AERn P

st [F70 P =[]z

- — i ||P d\(¢
pp/[o . Anéﬁ{}lz)‘ € — a3][P dAL(€)
s.t. [111 $1”]’\—[ﬂ,>\20
= P dPU([0, %) {1, .., 3},
which yields the assertion. )

The following Lemma shows that also for Jnyp the convex hull spanned by a sequence of “semi-
optimal” quantizers asymptotically covers the interior of supp(Px ), a fact which is trivial for d,, ,
and compact support.

14



—_— .
Lemma 1. Let K = conv{as,...,ar} C supp(P) be a set with K # 0 and let T}, be a sequence
of quantizers such that Jn,p(P,I‘n) — 0 as n — oco. Then there exists ng € N such that for all
n = ng

K C conv(T},).

Proof. Set ag = %Zle a; and define for p > 0

K(p) = conv{ai(p),...,ar(p)} with @ =ao+ (14 p)(a; — ap).

Since K C supp(P) there exists a pg > 0 such that K = K(pg) C supp(Px). We then also denote
ai(po) by a;. Since moreover a; € supp(Px), there exists a sequence (a})n>1 having values in
conv(T,) and converging to @;. Otherwise there would be £y > 0 and a subsequence (n’) such
that B(a;,c0) C conv(L,)¢. Then dy (X, o) > ()" P(B(as,20/2)) since @; € supp(P) which
contradicts the assumption on the sequence (I},)n>1.

Since K has a nonempty interior, it follows that aff. dim{as,...,ax} = aff. dim{ay,...,ax} = d.
Consequently, we may choose a set I* C {1,...,k}, |[I*| = d+1so that {a; : j € I"} is an affinely
independent system in R? and furthermore there exists a ng € N such that the same holds for
{a} :j € I"} and every n > ng. Hence, we may write for n > ng

a; = Z u?’ia?, Z ,u?l =1, i=1,...,k (5)
Jjer= Jer-
This linear system has the unique asymptotic solution M;X” = §;; (Kronecker symbol), which

implies ,u;” — 8,5 for n — oo.
Now let ¢ € K C K and write

k k
&= Z)‘iai for some \; > O’Z)‘i =1.

i=1 i=1

One easily verifies that it also holds

k k

3 = 3 Po Ai Po B

g = N;a; for \; = + > >0 and A = 1,
; k(L+po)  1+po — k(14 po) ;

and we furthermore may choose a ni > ng such that for every n > n,

v — d N < —V .
pi't > 5 and u; |_4k(1+p0) J#i

Using (5) this leads to

k
€= 3 ()

eI+ i=1
and
k k p ) )
i > N — Ailp ) > L Y

Thus, noting that

k k

YDETILES 1D DI

JEI* i=1 =1 jeI*

finally completes the proof. 0
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As already said, Proposition 8 does not hold anymore for d,,. As a consequence we have
to establish an asymptotic firewall Lemma, which will help us in the sequel to overcome this
problem also in the non-compact setting.

Lemma 2 (Firewall). Let K C RY be compact and convex with K # (0. Moreover, let € > 0 such
that
K. ={x € K : dist(z, K¢) > e} # 0.

Denote by T, . a subset of the lattice aZ® with edge length o > 0 satisfying
K\ K. C conv(L}, )

and for every x € K\ K., dist(z,T,c) < C. o where C).| > 0 is real constant which only depends
on the norm ||-||.
Then, for every grid T C R4, n € (0,1) and ¢ € K., it holds

1

FP(&T) 2 D

FP(& (TN f() U ng) — (1 + %)pé”.uai’.

Remark. An almost minimal choice for I, . is

Le=aZ'N(K\K.)+{0,+ae’i=1,...,d}

1
S

where (e e?) denotes the canonical basis of R<.

Proof. Let T' = {z1,...,z,} and let £ € K.. Then we may choose I = I(§) C {1,...,n},
|[I| < d+ 1 such that

D) =S AlE—aillr, Y Nm=6 X203 =1

iel iel iel

Assume now that there is a igp € I such that z;, € T\ K and Aig > 0 (otherwise the assertion
is trivial). Note that there are at most d such components in I(£) and choose 8 = (ig) € (0,1)
such that

Tiy =&+ 0(zi, —§) € K\ Ke.

Setting
~ A0 ~ A

0 ) . . 0 10

0 _ 7 T N — _ Tto

i 9+)\i0(1_9)716 \ {io}, g4 N, (1—6)
we arrive at ~ _

D+ > Mz=& N >0, ) N =1
i€l\{io} el
so that
0 gp
S~ a3 Al wl = g e~
10 20 7 7 9+ )\?0( — 9) 10

jel\{io}

T S B N
0+ ) (1—0) ‘

ZGI\{’L

< - 0 D
*emol— ZAllf o

< FP(&T)
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where we used that 67 < 6 since p > 1. Repeating the procedure (at most d times) for every
2; € '\ K finally yields by induction the existence of &; € K \ K. and \;, ¢ € I such that

iEI::ci%Ie( iclz; €K i€l
and ~ R
FPGD) > > Mlg—alP+ D Al — .

iGI::ci¢f( iclz;eK
Let us denote I . = {ai,...,an} and let &;, be a “modified” z;,(€ I'\ K). By construction
Z;, € K\ K. C conv(L, ) and there is J;, C {1,...,m} such that

Fp(‘%iovra,ﬁ) = Z :ué‘oll“%io - a’ijv Z :ué'oxj = Tig» ,u;_o >0, Z M;'O =1
J€Jig J€Jiq J€Jig

and

Vi€ Jig, T, —ajl <O a
for a real constant Cj.| > 0, which only depends on the norm ||-||.
A possible explicit construction (when I, . is as in the above remark) is the following: one may
select k € Z¢ such that ak is the nearest neighbour of #;, in L, N K\ K.. Then there exists
el°, ..., e € {£1} such that

Z;, € conv(ak, ak + E;Oej).

The resulting index set J;, clearly satisfies the above claim.

Using the elementary inequality
1\P
V>0, Va0 >0, (uto)f < (L+n)fur+ (14 ) o,
Ui

we conclude for every je J;,
1€ = ajI” < (1€ = Fioll + 1 Fi — ayl)”
1\P
< @ +n)PlIE = 24P + (1 + ;) cr o,
As a consequence,
i - I\P
Y wPllE = agl? < (L4 m)PlIE = &P + (1 + 5) Cil o
Jj€Jig
which in turn implies
1 ; 1\P
E—T||P > ———— ,ul-"f—a‘p—(1+f> cr o aP.
le =3l > s 3 -l et
i
Plugging this inequality in (6) yields
FPED) > Y Allé— il

iEI:xief(
1 5 i
+ a+nr Z Ai Z will€ — azl?
iclx; ¢ K J€J:

1\P

. d(l n 7) cr ar
n

1

P (¢ L\P Zp P
sz (57 (F\{xjo})ura,e) - (1""_5) C”Ha
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where Cf/ = dCP | > 0. O

Now we can establish the sharp rate for the uniform distribution U([0, 1]%).

Proposition 10 (Uniform distribution). For every p > 1,

Qﬁ,p,d = I;fonl/d dnp (U([0, 1]9)) = lim n'/d,, (U ([0,1)%)).

i

n n—oo

Proof. Let n,m € N, m < n and set k = k(n,m) = {(%)UdJ.

Covering the unit hypercube [0,1]¢ by k¢ translates Cj,...,Cya of the hypercube [0, %]d, we
arrive at U ([0,1]?) = k¢ Zil U(C;). Hence, Proposition 8 yields

k?d'
&, U([0,1)%) < k=Y db,(U(CY)).
=1

Furthermore, Proposition 9 states
A, pU(C)) = k" dop (U([0,1]7)),
so that we may conclude for all n,m € N, m < n,
o Q(10.11%)) < K7 dy, (U((0.1]%).
Thus, we get
W (U(0.11%) < 0 (0, 1]°))

k+1
< BEL g, u(0.0%).
which yields for every integer m > 1

limsupn'/?d,, ,(U([0,1]")) <m?d,,(U([0,1]%)),

n—oo
since limy, o k(n,m) = +oo. This finally implies

lim !/ d,,, (U([0,1)7)) = inf m"/%dy, , U([0,1)7)).

n—roo

Proposition 11. For everyp > 1,

Q) p.a = Jim 0" dop @([0,11%)) = lim 0/ d, U(0,1]%))

n—oo n—oo

Proof. Since we have d,, ,(X) < d,, ,(X) it remains to show

QY < liminf /4 d,, , (U([0,1]%)).

n— oo

Let (I},) be a sequence of optimal quantizers for d,, ,(U([0,1]?)) and
For 0 < e <1/2let C. = (1/2,...,1/2) + 155[~1,1]? be the centered hypercube in [0, 1]¢ with
edge length 1 — ¢ and midpoint (1/2,...,1/2). Moreover let (I},) be a sequence of quantizers
such that

B0, 119)5T5) < (1 + ) p 0 ([0,1]%)).

18



Owing to Lemma 1, there is an integer n. € N such that
Vn >ne, C. C conv(T},).
We therefore get for any n > n,
(14 ) (U (0.11%)) = dy (U(0.11):T) > d, 24(0.2)%)

Ta) 2 dp(U([0,1]7) 3 ).

T’ |Ce?

Normalizing U ([0, l]d)l . into a probability distribution and applying Proposition 9, we get
(1) (U ([0,1)7)) = oy (U(10,1]%),) = AH(C2)) P o (U(CL)) = (1=2)H7d, (U (0,1]%)).

Hence, we obtain for all 0 < e < 1/2

1— 6)1+d/p

.. 1/d d ( d

limnfn'/dy ,@((0,1])) = 77— Qff
so that letting ¢ — 0 yields the assertion. O
Proposition 12. Let P = > " s, U(Cy), it s; = 1, s > 0, i = 1,...,m, where C; =
a; + [0, l]d, i=1,...,m, are pairwise disjoint hypercubes in R? with common edge-length 1. Set

P Ky,
h:= W :;SZZ ]].qu.
Then
. d 1
(o) timsupn'/?d ,(B) < Qff - 111y

- - d 5
(b) liminfn" o,y (P) 2 Q) 5 - 141G asp)-
Proof. (a) For n € N, set

s/ (@+p)

ti = and n, = [tin], 1 <i<m.

S 4 (@)

j=177

Then, by Proposition 8 and Proposition 9, we get for every n > maxi<ij<m(1/t;)

dp ,(P) < sidh ,(U(C:) =17 sidh (U([0,1]7)).
i=1 i=1
Proposition 10 then yields

n db (U([0,1]%) = (n) ! nlg v U([o,1]%) — t;SQﬁjl,p,d as m — 0o.

n;

(d+p)/d
Noting that ||h]|q/(a+p) = 7 (Z s?/(dﬂ))) , we get

m

. P d _2 d

limsupnid di (P) < QY Y sit; © < Q4 Ihllaj@in)-
=1

n—oo



(b) Let ¢ € (0,1/2) and denote by C, . the closed hypercube with the same center as C; and
edge-length | — e. For a € (0,¢/2), we denote by 7,,, ¢, the lattice with edge-length & = H/la]
covering C; \ C; .

We then get for every i € {1,...,m}

Wan el = (é +1)d - (é —2[5(/3] . 1)d

and define for every € € (0,1/2),a € (0,£/2)
I Nd c/2 a
_ .d | = _ _ R —
012(0) = 'l = (0% +) — (af ~2a[ L] ~a)"

— 1 and 2a[5~2
«

Since —‘ — ¢ as a — 0, we conclude

QIR

Ve € (0,1/2), lim gio(a) = 19— (1 —¢). (7)

Let 1 € (0,1) and denote by I}, a sequence of n-quantizers such that d?(P;T,) < (1+n)d2(P). Tt
follows from Proposition 7 that d?(P;T},) — 0 for n — oo so that Lemma 1 yields the existence
of n. € N such that for any n > n.

U Ci.e C conv(D,).

1<i<m

We then derive from Lemma 2
PUCHT) =17 [ Fr&T) N
C;

>0t [ Pren) X =1t [ e, M)

=1 (1 —¢)?
(1+n)r
At this stage, we set for every p > 0

AP (U(Cie); (T N Ci) UNaes) — 170 (1 — E)d(l + %)p “Cjyp -

oa=qa, = (::l)l/d (8)

and denote
|( N C ) U Yo e, il

Since dp, ,(U(Cie)) = (I — <€)dm7p(1/{([07 1]%)) owing to Proposition 9, we get

nddfhp Zsznd d*U(Cy);T,)
l_d Z—E a D o
- (]_ f,n)pgl sind v (M(Ci7€); (Fn n Cz) U Va,,ua,i)
=1
p+1 m »
—l_d (l ]‘+77 31 C“ - af - nd

l*d 1 — d+p ™ , ) i1 o
- (1(+77)i’)+1 ;Sim dn, (U([0,1)%)) =17 (@ 5)d(+77np) “Cjpy - (?) .
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Since

E < |anCZ| + gl,a(an) _ ‘ancz‘

p
Zagrela
n - n nod n + mgl’g( n);

we conclude from (7) and (8)

hmsupZ— <1+p(1%=(1-2)%).

n—oo
We may choose a subsequence (still denoted by (n)), such that

ntd, ,(P) — lirginfnl/ddmp(P) and % —v; €[0,14 p(I%— (1 —e)Y)].
As a matter of fact, it holds v; > 0, 1 < i < m: otherwise Proposition 10 would yield
174 —e)tr & n;\~"4 =z
_— (= 4 dqP 0,114
(1 +n)pt? ;S (%) "l @ (o))

g gaLEPT o m
l (l 6) 77p C”,” (p)

— +00

M’t’

na dj, ,(P) >

als

which contradicts (a). Consequently, we may normalize the v;’s by setting
v

L+ p(l* = —2)?)

so that Z .1 0; < 1. We conclude from Proposition 10
i (1+p(14—
. e p
lgggf Zl sind d Z Si nlgg()( o
i—
_ da ~—4
= Qu'u,p,dzsi v; ¢
i=1
b
d
2 Qiipay of >OZSZ%

“+p d
p d

v; =

(1)) > “nd e u((0,11%)

Hence, we derive from (9)
. =4 (] — g)d+p (d+p)/d
liminfnd dy ,(P) > =) 7 Q) p.a (Z e )
e L+ (L4 p(d = (1= )4))
(g pa Ty
Fl = —C <p>

so that sending ¢ — 0 implies

m d+p)/d +1 )2
» d/(d+p) ( (1 +n)P mY
hnrr_lggfnd b »(P) > APt QH I.p.d (Z_; S - s C (;)

(1 +n)Ptt m\ %
WQH N NP llas ) — TCH'H(;)

and, finally, letting successively p go to oo and 1 go to 0 yields the assertion.
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Proposition 13. Assume that P is absolutely continuous w.r.t. A\* with compact support. Then

. 2 d H
(a) limsupn d,, ,(P) < QH.qH’p@ ) ||th/(d+p)'

n—00

. p 3 d 5
(v)  lminfnddyy(P) > Q)4 - 1l -y
Proof. Let C = [~1/2,1/2]% be a closed hyper hypercube centered at the origin, parallel to the
coordinate axis with edge-length [, such that supp(P) C C. For k € N consider the tessellation
of C into k% closed hypercubes with common edge-length [/k. To be precise, for every i =
(i1,...,iq) € Z%, we set

o= ][~ L+ 5t L ety

st 2 2 k
Set h = % and
dPy, P(Cy)
Py = P(C; i)y hi = = Lo 1
= DL POU@), =g Nyt (10)
i€z i€Z -
0<i, <k 0<i, <k

By differentiation of measures we obtain hy — h, A%a.s. as k — oo. Which in turn implies,
owing to Scheffé’s Lemma,

lim ||hy — h|l1 =0

k—o0

and
(gl atp) = [lhllascatp)
s ince [|he — hllaj(atp) < (/\d(C')> ! |h — h||1 by Jensen’s Inequality applied to the probability

A -
measure #‘5) Moreover, by Proposition 12 we have

. d z
lim n'/%dn,(Pr) = Q)% o 1Pk (ay- (11)

n—oo
Likewise, we define an inner approximation of P: Denote by
ct= U a
—_—
c;csupp(P)

the union of the hypercubes C; lying in the interior of supp(P). Setting

Po= S POUG),
—_—~—
cicsupp(P)
. dPy
h,k = W = hk]lck,

we have as above that )
hiy = h, Xl-as. for k — oco.

Consequently ) )
dim [lhy — Al =0 and  Um [[Aklla/(arp) = [Blla/ca+p)-
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We get likewise by Proposition 12 that, for every k € N,

o ° 1
lim 0"/ dy ) (Pr) = Q% g 10615 (- (12)

n—»o0 I

(a) Let 0 < e < 1 and n > 2¢/e. If we divide each edge of the hypercube C into
m = L(en)l/dJ -1

intervals of equal length I/m, the interval endpoints define m + 1 grid points on each edge.
Denoting by Iy = I' (e, n) the product quantizer made up by this procedure, we clearly have

Ty = (m+1)% = |(en)V/4]" = ny.

For this product quantizer it follows from Propositions 5 and 4 that, for all £ € C,

d
l
FP(gT) < C\HIZ(%)[)
i=1
P

For ny = [(1 —€)n] let I be a ny-quantizer such that dP(P;I2) < (1 +¢)d, (Py). We clearly
have |T7 UTy| < n and

<C)pa

P
nd

/ FP(6:Ty UTL)dP, (¢) — / FP(6:T) UTy)dP(e)

<uf [ P& T UL[hn(©) - hOlaNE

C LT
< _
<Ol lpa 6gll k=Dl

hi, — k|1

= Cl,e
for k e Nand n > max{%, %5} This implies
widy,(P) <nf [ P& UT)aP(E)

<nk / FP(€; Ty UTy)dP4(E) + c1[lhe — Bl

IN

nf / FP(&:T)dP(€) + el b — Bl

hk - h||17

< (L+e)nidy, (Pr) + el
so that we conclude from (11)

P 1
limsupndd), ,(P) < i(qu

p —
st (1) o) Whellayatp) + crellhe — Ay

Letting first k£ go to infinity and then letting € go to zero yields

1
limsupn'/?d,, ,(P) < Q) , alhkll (asp)-

n— oo
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(b) Assume that I'; is an no-quantizer such that dP(P;T3) < (1 +¢)d?, (P). Again it holds
Ty UTs| < n and we derive as above

P
nd

/ FP(6:Ty UTy)dP (€) — / FP(&Ty U Fg)dP(ﬁ)‘ < eaelli — b (13)

Moreover, Lemma 1 yields for every k£ € N the existence of ny . € N such that, for all n > ng,

(1+2)d, (P) > d(P;Ty) > / FP(€:Ty)dP(€)

conv(I3)

> /Ck FP(&;Ty)dP(¢) > /Ck FP(&Ty UTy)dP(€).

Thus, we derive from (13) that, for every n > max (nk,s, §7 1;),

(14¢e)nddb (P)> n%/ FP(& Ty UT)dP(€)
Ck‘,

na.p
> nk /Ck FP(& T ULS)dP(€) — cocllhn — Ry
> nfdh (Pr) — cocllhn — 1,

which yields, once combined with (12),

I1+e .. . . 2 dq s :
mlgr_l)gfnz dy,, ,(P) 2 Q”.||,p,d||hk||d/(d+p) — ol — Al

Letting first £ go to oo and then letting & go to 0, we get

. 1= dq :
liminf e dn p(P) = Qi alloll g ap)-

O

Proposition 14 (Singular distribution). Assume that P is singular with respect to A\* and has
compact support. Then
limsupn d, ,(P) = 0.
n—oo
Proof. We follow the lines of Step 4 in Graf and Luschgy’s proof of Zador’s Theorem (see [4]).
Let A be a Borel set such that P(A) = 1 and A%(A) = 0. Let ¢ > 0; by the outside regularity of
A? there exists an open set O = O(g) set such that A4(0) < ¢ (and P(O) = 1). Let C be an open
hypercube with edges of length ¢, parallel to the coordinate axis containing the closure of A.
Let Cp, = H?Zl [¢k,i, ck,i+¥s), k€ N be a countable partition of A consisting of nonempty half-open
hypercubes, still with edges parallel to the coordinate axis (see, e.g. Lemma 1.4.2 in [3]).
Let m = m(e) € N such that Z P(Cy) < edl?,
k>m+1
Let ne N, n > 29t and let nq,...,ng > 2 be integers such that the product n‘f—i—- . -—i-ngT <n/2.
One designs a grid I' as follows.
For every k€ {1,...,m}, we consider the lattice of C}, of size n¢ defined by

H{ck,ﬁ%éi,rizo,...,nk—l,z‘:l,...,d}.
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Then one defines likewise the lattice of C' of size nd, 1 <n/2

d

Tq .
I|{Ck,i+7lgi,7’i:O,...,’nm+1—1,lzl,...,d}.
i=1 Mmt1 — 1

The grid T' is made up with all the points of the m + 1 above finite lattices.
Now let £€ A. It is clear from the definition of the function F), that

. Cy(be/ri)’ if €€ Uty C
BED <{ Cly(/nmi1)? if €€ C\Up, Ch

where C || > 0 is a real constant only depending on the norm.
As a consequence

o (P) Z PHEDIPE) + /C WPRAGLTEG

IN

Ci (; (€ /n)P P(Ci) + (¢/nm+1)" P(C\ | Ck))-

k=1

l,(n/2)
(g fh)

Set for every ke {1,...,m}, ny = \‘ and N1 = L(n/2)5J Note that

d m
Dol =" ACr) < AHA) < e

k'=1 k=1

Elementary computations show that for large enough n, all the integers nj are greater than 1
and that

i (i /113 )P P(C)+ (/Mg )P P( C’\U Cr) < Z )% (n/2)" TP (Ur<k<mCi)+(n/2) "2 PP (C\ ] Ci)
k=1

k=1 k'=1 k=1

so that . )
1imsupn3dfb)p(P) < CH‘H(g/Q)E

n
which in turn implies by letting € go to 0 that
lim sup ngdﬁ)p(P) =0.

n

O

PROOF OF THEOREM 2: The assertion (a) follows directly from Propositions 13 and 14 and the
fact that it holds d,, ,(X) < dp p(X) for every n € N. Furthermore, part (¢) was derived in [9],
Section 5.1. Hence, it remains to prove (b).

Proof. STEP 1. (Lower bound) If X is compactly supported, the assertion follows from Proposi-
tion 13. Otherwise, set for every Re (0, 00),

CR = [_Rv R]d
and for k € N .
P(-|C}) = P(é,’jﬁd-
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Proposition 13 yields again
. 1= d :
lim n4d, ,(P(-|C)) = Q\l-qH,p,d . Hh]lck/P(Ck)Hd/(dJ,-p)’ (14)

so that d?, (P) > P(-|C)d5, ,(P(:|Ck)) implies for all k € N

PR v
liminfnd d, ,(P) > Q1% - |hlc, ) (atp)-

n— 00 [IIl.p,d

Sending k to infinity, we arrive at

L 1
liminfnd d, ,(P) > Qi 4’ Hh”g/(der)'

n—00 II-1lsps

STEP 2 (Upper bound, supp(P) = R%). Let p€ (0,1). Set K = Cy4, and K, = Cy. Let Ty o,
be the lattice grid associated to K \ K, with edge a > 0 as defined in the remark that follows
the “firewall” Lemma 2. It is straightforward that there exists a real constant C' > 0 such that

VkeEN,Vpe (0,1),YVac (0,p): [Ta, <Cdpk?ta™

Let e€ (0,1). For every n > 1, set o, = @on~ @ where g € (0,1) is a real constant and

no = Tra,pls nm=[1-e)n—no)l, na=le(n—no),
so that o, € (0.p), nop +n1 +nye < n and n; > 1 for large enough n. For every { € K, = Cy, for

every grid T' € R%, we know by the “firewall” Lemma lem:firewall that
FP(& (TN K)UTa,) < (L4 n)PFPET) + (1+0)P(1+1/9)PCy o,
Let Iy = Ti(n1,k) be a ny quantizer such that df (P(.|Cy);T1) < (14 n)dh (P(.|Cy)). Set

=N Co’kﬂ,) UT%,a,.,p). One has I} C Cj9, for large enough n (so that o, < p).

Let moreover I'; = I;(ng, k) be a ny quantizer such that d2 (P (.|C5); T2) < (1 + n)dE, (P(.|C)).

For n > n,, we may assume that C 2, C conv I owing to Lemma 1 since Cj42, = conv(Cl2, \
—_——

Cryzp) and Cryzp \ Cp i3, C suppP(.|C}). As a consequence I'f C conv(I:) so that conv(Iy) C

conv(Iy) = conv(I') where I' = I U Izand

Crtp C conv(I') = conv(Iy).
Now
gﬁ,p(P) < /C Fp(& F)l{EGCOnV(Fg)} + d(é-, F)pl{féconv(l“2)} dP(&)
&

=0

+/C (Fp(g; I1)1{Eeconv(l“2)} + d(f, F)p1{§¢conv(F2)}) dP(f)

c
k

Using that, for every & € Cy,
FP(&T)

IN

FP(&1Y)
< (1+ n)p(F”(é;Fl) + @+ 1/m)PCyy aﬁ)

A

implies

n,p ni,p

&, (P) < P +n)((L+m)dh, ,(PLICK) + (L4 1/n)” Cldon™ )

+P(CF) (1 +1) dn, » (P(|CF))-

26



Consequently

P

(1+n) <n> ' ni dy, »(P(ICk)) + (1 +1/0)PCy a0

ni

als

nadh (P) < P(Cp)(1+n)"

1) (”)dP<c,:>n§ dos n(PLICE))

n2

which in turn implies, using the d-dimensional version of the extended Pierce Lemma (Proposi-
tion 7),

(1 +m) P/
(1—¢)(1 — Cdpki—tag?)
+(L+1/n)PC)jéo)

n

a
limsupnfds ,(P) < P<ck><1+n>p<( ) Qtimal, .,

1 d
+P(CE) (1+1) Cpa X1 P( )
() 1+ 1) CpalXtixecn e ( (7 gamiacs

One concludes by letting successively p, &g and 1 go to 0, sending k — oo and finally ¢ to 0.

StEP 3. (Upper bound: general case). Let p€ (0,1). Set P, = pP + (1 — p)Py where Py =
N(0;I4) (d-dimensional normal distribution). It is clear from the very definition of d,,, that

dpp(P) < Sdnp(Py) since P < - < P,. The distribution P, has h, = ph + (1 — p)ho (with
obvious notations) and one concludes by noting that

},i_rﬁ)”h/)”d/(dﬂ) = ||hlla/(d+p)
owing to the Lebesgue dominated convergence Theorem. 0

PRrROOF OF PROPOSITION 1:

Proof. Using Hoelder’s inequality one easily checks that for 0 < r < p and = € R? it holds
11
|]er < d777 |2|p.

Moreover, for m € N set n = m? and let I'" be an optimal quantizer for d,, (U ([0,1])) (or at
least (1 + €)-optimal for € > 0). Denoting I" = H?Zl IV, it then follows from Proposition 5 that

d
it df (@(0,1)%) < nf P @([0,1]):T) = m? Y d"@U([0,1]):T") = dm? df, U([0,1])).

Combining both results and reminding that Qﬁ_qh pud holds as an infimum, we obtain for r € [0, p|,

(qu )P < dgfl n% i

[|er p,d n,|ep

U ([0,1]%) < d* mP dz, ([0, 1])),

which finally proves the assertion by sending m — oo. O
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6 Further remarks prospects

This result does not complete the theoretical investigations about dual quantization (beyond
the existence of optimal dual quantizers in the case p = 1 left open in [9]): the first one is to

elucidate the behaviour of the constant Qﬁ.q” o coming out in Theorem 2 as d goes to infinity,

dq
or at least that of the ratio %
I1-1,p,d

the mean dual quantization error induces by an optimal Voronoi quantization grid? An answer
to that question would be very valuable for applications since many optimal quantization grids
have been computed for various distributions (see e.g. [7] for Gaussian distributions). Can we
preserve the above results (as well as existence of dually optimal grids) for unbounded r.v. when
switching to another extension of the random splitting operator outside the convex hull of the
grid?

Many natural questions solved in the optimal Voronoi quantization theory remain open. Among
others “Is there a counterpart to the empirical measure theorem for (asymptotically) optimal
quantizers?” (see Theorem in [4])? “How does dual quantization behave with respect to empirical
distribution of i.i.d. m-samples of a given distribution?”. Is it possible to develop an infinite
dimensional “functional” dual quantization ?

. From a practical point of view, is it possible to evaluate
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